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Note that
Zp= (@ +0")7 > (@)r =a>0
and
x, —b"=a".

For any € > 0, by Archimedean property, there exists N € N such that N > 2. Then
for any n > N, we have
|zl — b a” a

—bl = < = — <.
[2n =Bl lzn=1 4+ bxr=2 + . 4 b2 et n ‘

Since L < 1 then 1= > 0. Smce lim,, o :L'n = L, there exists N7 € N such that for any
n > Ny, |.CET’Z — L <T,thusxn < L < 1. Write K = 2L,

Since K < 1, then 1 — K > 0. By Archimedean property, there exists Ny € N such that
No > == Take a :==max{nK" :n=1,..., No}.

We will prove by induction that for any n 6 N, K" < 2 Whenn =1,..., Ny, K" =
nEZ <& When k > Ny, suppose K*~1 < 2= Then KF < <A< (1- 1) =1

For any € > 0, by Archimedean property, there exists Ny € N such that N; > 2. Take
N = max{Ny, N1 }. Then for any n > N,

]xn]::rn<K"<g<e.
n

Hence, lim,, .o, x,, = 0.

(a) We first prove by induction that x,, > 10 for all n € N,
When n =1, z; = 10 > 10.
Suppose x; > 10 for some k € N. Then zp,1 = x5 + % > 10. Hence z,, > 10 for all
n € N.
Suppose {x,} is convegent. Then limn_m x, = L > 10. By taking limits on both
sides of the equation =, = z, + —, since L > 0, we have that L = L + > L.
Contradiction arises. Therefore {xn} is not convegent.

(b) We prove by induction that x, < 4 and x,,; > z, for all n € N.
Whennzl,xl:1<4and:r2:\/3>$1.
Suppose xj, < 4 and x;_; > x; for some & € N. Then x,, = Vit o, < V8 < 4 and
Thyo = VA + 21 > V4 + 2 = 2p41. Hence x, <4 and z,, ., > x,, for all n € N.

Therefore {z,} is monotone increasing and bounded from above. It follows that
{z,} is convergent.

Let lim, oo @, = L. Then L = A+ L. Thus L = Y17 or [ = 1=Y17 Since
xn, >0, L > 0. Hence, L = %ﬁ



(4)

3

Let L = lim,, o (—1)"x,. Since {9} is a subsequence of {x,}, limg_,o xor, = L. Since
xor, > 0 for any k € N, L > 0.Since {—xqx_1} is a subsequence of {z,,}, limy_00 —225—1 =
L. Since —x9, < 0 for any k € N, L < 0. Therefore, L = 0.

For any € > 0, there exists NV € N such that for any n > Ny, |z, —0| = [(—1)"z,, — 0| < €.
Hence, lim,, .o, x,, = 0.

The conclusion does not hold if we only assume x,, > —1. For instance, if z,, = (—1)",
then (—1)"z, = 1. But limy o zop = 1 and limy o 221 = —1. If {x,} is convergent,
then limy_, o o = limy_yoo Xo5—1. Contradiction!

Suppose for any n € N, z,, < s. We will choose a subsequence {n;} € N such that
Ty, > S — % by induction. Since s = sup{x,}, there exists n; € N such that z,, > s— 1.
Suppose ny,...n; has been chosen. Since for any n € N, z,, < s, then u := max{z, :
n=1,...,nt} <s. Thus sup{z, : n > ny} = s. (For if v := sup{x, : n > ni} < s,
max{u, v} is an upper bound of {z,} strictly less than s.) Therefore there exists nyq >

ng such that z,, ., > s — =5.

For any € > 0, by Archimedean property, there exists N € N such that N > % Then for
any k > N, we have

[Ty, — 8| =85 —xp, < — <e

k

Hence, limy_, o 2, = 5.



